To meet a diverse range of manufacturing specifications and keep pace with rapid changes in consumer requirements, mixed-model assembly lines must become more efficient and flexible than they are at present. This study examines the characteristics of an insert buffer that uses the curved portion of a mixed-model assembly line to provide guidelines for designing the buffer, and then analyses the number of sequences generated with the buffer. Also analysed is the effect of the insert buffer on the working time and line length. Based on these results, a procedure for designing an insert buffer is proposed.
Introduction
Manufacturing a large variety of products in small batch sizes is currently one of the main challenges in the manufacturing industry. Mixed-model assembly lines, such as those used in the automobile industry, present an efficient method for the mass production of a diverse range of products.
In some cases, it is desirable to minimise the size of the facility by minimising the length of the assembly line while maintaining an assembly rate equal to the demand rate for each model type. At the same time, flexibility should be maximised by increasing the possible combinations of operation times, to increase the variety of working times at each assembly station. Yin et al. (2014) showed that rearranging the model sequences between stations by installing buffer stock can shorten the length of mixed-model assembly lines. The effect of buffer stock was analysed using a random access buffer, such as an automated storage and retrieval system (AS/RS), and under the assumption that the model sequence is arbitrary. Boysen et al. (2012) classified buffer stocks into four categories: AS/RS, mix bank, pull-off table, and insert buffers. An AS/RS system provides random access buffers, allowing manufacturers to freely plan and reshuffle the model sequence according to their needs. Mix banks or selectivity banks consist of a set of parallel first in first out (FIFO) lanes. The number of model sequences possible is constrained by the number of lanes. Pull-off tables enable manufactures to pull a model onto a free pull-off table and reinsert the model into a new position in the sequence. Insert buffers are used to take a model from an assembly line and reinsert the model into the same line.
However, to the best of the authors' knowledge, only a few papers have investigated the use of an insert buffer in an assembly line. Furthermore, no paper except Miyazaki et al. (2016) has reported the shortening of line length using a mechanism simpler than an AS/RS system. Three different implementations are considered here for the insert buffer. These are a loop buffer, a bypass sub-line, and a buffer installed at the curved portion of the mixing line. No previous studies have considered an insert buffer that utilises the curved portion of a mixed line.
The installation of an insert buffer between stations in the curved portion of a mixed-model assembly line enables manufacturers to change model sequences. In this study, we will consider the following questions:
1 What parameters can be specified for the insert buffer at the curved portion of a mixing line?
2 When an insert buffer is used, how many model sequences can be output? How does this compare with the AS/RS system?
3 How much can the line length be decreased and how much can the range of operation times be increased by installing an insert buffer?
4 How can the buffer design be optimised?
In the next section, we briefly review the existing literature. An analytical model of the insert buffer is introduced in Section 3. Section 4 presents analytical results for the number of possible model sequences that can be achieved with an insert buffer and compares this to what can be achieved with an AS/RS system. Section 5 discusses the degree to which the line length can be shortened by installing an insert buffer. The increase in the variance of the operation times with the use of insert buffers is then investigated with a numerical example. In Section 6, we summarise our findings. A procedure for installing an insert buffer is provided in Appendix.
2 Literature review Boysen et al. (2012) defined an insert buffer as follows: when two conveyors from two different line segments pass each other in an area of overlap between those segments, the queue of models can be passed from one line segment to the next, into any position in the queue. In this way, the models can be sorted to achieve a better order (see Figure 1 ). However, Boysen et al. (2012) did not discuss insert buffers in detail, only mentioning that they are used by a major German truck manufacturer. An example of a loop buffer, a type of insert buffer widely used in manufacturing factories, is shown in Figure 2 . Han et al. (2003) developed a finite-horizon model for resequencing a set of jobs on a moving assembly line, with the objective of minimising the changeover cost, and determined the optimal solution through simulation. Moon et al. (2005) conducted a simulation study related to the design and implementation of colour rescheduling storage (CRS) with a loop buffer in an automotive factory. Moon (2010) investigated the problem of minimising setup costs in resequencing jobs at conveyor junctions with off-line buffers under the FIFO constraint. Bypass sub-lines can also be used to obtain the same functionality as an insert buffer. Al-e-Hashem et al. (2011) define a bypass sub-line as a sub-line that 'processes a portion of assembly operations of products with relatively longer assembly times'. A 'longer assembly time' can mean either a larger work load or more worker-hours.
A number of studies have evaluated the use of bypass lines. Tamura et al. (1997) formulated a sequencing problem for a mixed-model assembly line containing a bypass line and developed a heuristic algorithm to obtain a near-optimal solution. Tamura et al. (1999) also formulated a sequencing problem with the goal of levelling the part usage rates and workloads, and developed three different algorithms to solve the problem: the goal-chasing method, a tabu search, and dynamic programming. Al-e-Hashem et al.
(2011) considered a sequencing problem that levels the part usage rates and minimises the line stoppage rate for a mixed-model assembly line with a bypass sub-line.
Insert buffers can also be inserted into the curved portion of a mixing line (see Figure 3 ). However, to the best of our knowledge, no study using this method exists in the literature.
The goal of most of these approaches is to minimise violations of a set of sequencing rules in order to avoid work overload and optimise scheduling. Some studies of loop buffers have considered repairing or reworking the functions of the buffer. The previous studies of bypass lines considered the problem of line balancing and model-sequence optimisation, but they did not consider explicitly the buffer function of a bypass line. The approach taken in the previous studies was to optimise various objectives, not to answer the questions raised at the end of the previous section.
Thus, the present paper considers the design of an insert buffer.
Formulation

Structure of an insert buffer
An insert buffer resequences an assembly line by inserting models into the free spaces between overlapping areas of lines that pass each other in opposite directions, as mentioned in the previous section. We will consider the installation of an insert buffer at the curved portion of a mixing line. For example, assembly lines in the automotive industry have hundreds of stations. One method for installing such a line in a factory is to fold the line into several segments. By utilising the curved portion of the line, it is possible to design the flow of parallel lines in opposite directions, even if there is only a single line. Rearranging the sequence of models is conducted by inserting models into the parallel lines. Figure 3 shows an insert buffer utilising the curved portion of a line. The two line segments are connected by the insert buffer.
The insert buffer is composed of two areas; the insert area and the U-turn area (see Figure 3 ). The insert area is composed of a sending part and a receiving part. Models enter the insert buffer from the upstream direction (segment 1) and exit in the downstream direction (segment 2). In the insert area, models can be removed from the sending line and be inserted into the receiving line, if the receiving line has an empty position.
The dotted arrows in Figure 3 show the insertion line. We will assume that there are the same numbers of positions in both parts (note that the positions in the U-turn area serve as a buffer to receive models in the insertion area).
Model definition
In the present paper, the term 'model' does not necessarily refer to a final product shipped to a consumer; instead, we use it to refer to the product during the different stages of assembly.
Assembly lines are typically segmented into several zones, for example, welding, painting, equipping engines, and trimming in automobile manufacture (Shimokawa et al., 1997) . The definition of a given model can vary depending on the zone; for example, models are defined by colour in the painting zone but by the grade selection in the trimming zone. In the present paper, we suppose that the models are defined by options in each zone.
The total number of distinct models for the final product that can be assembled on a single assembly line is the product of the number of models, or options in each zone. For example, if a customer can choose from five colours and three grades of trim, the number of models is 5 × 3 = 15.
Notation
The following notation is used in this paper.
N
number of models M number of positions for sending or receiving in the insert area (Table 3) K number of positions in the U-turn area P M number of sequences generated when the number of positions in the insert area is M S (N) total number of sequences generated by N different models. 
Assumptions
We make the following assumptions.
1 A model sequence is composed of distinct models. If the length of a model sequence is N, then the sequence consists of N kinds of models. The models are denoted by capital letters. That is, the original model sequence from line segment 1 is denoted as A, B, C… 2 One model occupies one position.
3 Models in the sending part of the insert area can be moved to the receiving part of the area if and only if there are empty positions in the receiving part.
4 Model insertion is instantaneous.
5 No empty positions are permitted in the output sequences, even in the transient state.
6 The sum of the number of positions in the insert area M and the number of positions in the U-turn area K is equal to the number of models N, that is;
,
7 M sequent positions are inserted to the receiving M positions from the sending M positions at once. M empty positions in the receiving positions should be prepared before the insert operation begins ( Figure 3 and Table 3 ).
8 The insertion is iterated using the same number of models. The number of models inserted does not vary between iterations.
9 The sequences in the preceding station segment are expressed by the model definition in the succeeding station segment. The number of models does not vary between station segments, as explained in Section 3.5.
10 The line speed is assumed to be unity.
11 For the design of the buffer stock, we used the basic design procedure of Monden (1983) .
Features of the insert buffer
The length of the insert buffer is calculated as 2 × M + K for each cycle. The resequencing of models by the insert buffer has two distinct features, compared to other kinds of buffers. First, when M ≥ 2, the insert buffer reverses the order of models. Second, inserted models overtake models in the U-turn area. Resequencing with the insert buffer advances these models, while resequencing by a single pull-off table delays these models (Miyazaki et al., 2016) .
The bypass line and the loop buffer correspond to an insert buffer with M = 1 (see Figure 2 ).
Analysis of the number of sequences generated by the insert buffer
Sequences of P M can be generated for each value of M under the condition 1 ≤ M ≤ N for N kinds of models,
where [*] denotes the floor function. Table 1 shows P M , the number of sequences generated by the insert buffer, when the number of models is N and the number of positions in the insert area is M. Table 2 shows the relationship between the number of sequences generated by the insert buffer, P M , and the number of positions in the U-turn area, K. From Tables 1 and 2, it can be seen that the number of sequences generated, P M , also increases when the number of positions in the U-turn area, K, increases (M decreases), for N ≥ 4. We consider the number of sequences for a given number of models, N.
For any non-zero positive integer j such that j ≤ P M , the models {N -I * M} to {N -(I -1) * M} of the original input sequence are reversed with insertion. This insertion is iterated P M times, i = 1,…,j. Finally, the residual (N -P M × M) models are added to the resulting sequence. Therefore, the sequences generated in such a way are never duplicated except in the following cases.
The number of sequences generated is the same for M = N and M = N -1 for N ≥ 3. Furthermore, when M = N -1 or M = N for N ≥ 3, the generated sequence is the reverse of the initial sequence. When N = 2 and M = 2, the sequence generated is the reverse of the initial sequence. When N = 2 and M=1, the two sequences generated include the reverse of the inputted original sequence; this fact results in the minus 1 term in equation (3).
Consequently, the number of sequences generated by the N different input models is as follows:
For example, when N = 4, from equations. (2) and (3) Figure 4 shows an example of a sequence generated by an insert buffer. The models in parentheses are those that are moved from the upper area to the lower area. The sequence DCAB can be generated by one insertion of CD, as shown in Figure 4 (a), while the sequence BADC requires two insertions, AB and CD, as shown in Figure 4 (b). [1]
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Remarks The algorithm used to enumerate the sequences generated by the insert buffer is given in Figure A1 of Appendix 1. An example is also given in the Appendix. Table 4 shows the number of sequences generated by the insert buffer with N different models, as obtained from equations (2) and (3). In Table 4 , the insert buffer is compared to a random access buffer, such as an AS/RS system. As the number of models increases, the difference between the insert buffer and the random buffer becomes extremely large. However, if the number of models defined at the succeeding station is sufficiently small, then the insert buffer can promote efficiency and flexibility.
A procedure for designing an insert buffer based on the above results is shown in Figure A2 in Appendix 2.
Use of an insert buffer to shorten the line length and increase the range of operation time
In this section, we consider sequences that are circular permutations of each other to be the same, since the length of their working area is identical. We will consider the case of N = 4 to be the minimum size, since the number of circular permutations is 1 when N = 1 or 2, and in general, the line length does not vary for different sequences when N = 3.
Performance measure
We performed a numerical experiment to clarify the effect of an insert buffer on the line length and the range in operation times. To evaluate the results, we considered two measures of performance, as follows.
• Efficiency: the decrease in the length of a mixed-model line.
We compared a mixed-model line with a buffer installed to one with no buffer ( Figure 5 ).
• Flexibility of the mixed-model line: an increased range in the possible operation times.
We evaluated the range of possible operation times for each product by considering the various amounts by which the production line was shortened.
The line length of each station was calculated as the summation of the cycle times and an allowance that absorbs differences between the models in the operation times assigned to the station. The required allowance is the summation of the maximum deficiency time and the maximum congestion time, as defined by Thomopoulos and Nick (1967) . The details are shown in Yin et al. (2014) and Miyazaki et al. (2016) .The method of line length calculation is summarised with an example in Appendix 3.
Assembly line length and range of operation times for each model
The problem of quantifying the effect of the insert buffer on the range of operation times can be reduced to analysing a mixed-model assembly line composed of two stations. Figure 5 shows the two systems considered in this paper. The four models (N = 4) are denoted A, B, C, and D. The model sequences of the two stations are denoted by the model definition of the succeeding station. The model-mix ratio is assumed to be 1:1:1:1. It is also assumed that the number of models or options is the same between the preceding and the succeeding stations. The system shown in Figure 5(a) is a simplified version of an assembly line in which all stations are connected in a conveyor line, and there is no insert buffer. The system shown in Figure 5(b) is a simplified version of an assembly line divided into two shorter lines by an insert buffer. The model sequences can be altered between the stations before and after the buffer. Even though this problem is a simplification, there are multiple combinations of sequences possible which makes it difficult to solve. For this reason, we will only analyse the simplest case. When N = 4, there are three possible sequences generated by the insert buffer (if circular permutations are considered identical): ABCD (M = 1, 2), ABDC (M = 2), and ADCB (M = 2, 3, 4). In this example, the time for one cycle is 4 × 10 = 40. This is based on the assumption that four models are assembled, each in a two-stage process, the model-mix ratio is 1:1:1:1, the cycle time, C t , is equal to 10, and the line balancing is complete. The total operation time for each model is assumed to be 20, and this is distributed between two stations. Table 5 shows the notation for each circular permutation in alphabetical order. In Table 5 , 20 possible combinations of operation times for each model at each station satisfy the above constraints. The total required line length of the two stations is shown by three sequences for the ten possible combinations of operation times. Table 5 shows that the line length can be shortened if the sequences at the station prior to the buffer are altered to ABDC. In addition, Table 5 shows that the range of operation times increases when a buffer is inserted and the models are resequenced from ABCD to ABDC. For example, if the model sequence prior to the buffer is ABCD and following the buffer it is ABDC, then the possible combinations of operation times can be increased. A  17  17  17  17  17  17  17  17  17  17   B  1  3  5  7  9  11  13  15  17  19   C  3  3  3  3  3  3  3  3  3  3   D  19  17  15  13  11  9  7  5  3  1   Succeeding  process   A  3  3  3  3  3  3  3  3  3  3   B  19  17  15  13  11  9  7  5  3  1   C  17  17  17  17  17  17  17  17  17  17   D  1  3  5  7  9  11  13  15  17  19 Sequence in preceding process ABCD Sum of required line lengths of two processes Sequence in succeeding process Here, our goal was to limit the length of the succeeding station to no more than 50. Thus, if the model sequence at the preceding station was ABCD and that at the succeeding station was ABDC, then the number of possible combinations of operation times is increased from seven (from [1] to [7] ) to ten (from [1] to [10]); see Table 5 . Thus, the range of operation times can be increased by using an insert buffer.
In the case of the line composed of ten stations from [11] to [20], our goal was to limit the length of the succeeding station to no more than 39. Thus, if the model sequence at the preceding station was ABCD and that at the succeeding station was ABDC, then the possible number of combinations of operation times is increased from two ([15] and [16] ) to four (from [13] to [16] ). In model D, the range of operation times was two (from 9 to 11) to six (from 5 to 11). In model B, the range of operation times was two (from 9 to 11) to six (from 9 to 15). This is an increase of about 44% (=(6-2)/9). Thus, the range of operation times can be increased by using an insert buffer.
Simulation study
We considered an assembly line consisting of 120 stations. The stations were segmented into two zones of 60 stations each. The model definition of segment 2 was the same as that in segment 1, as explained in Section 3.5. The model-mix ratio was assumed to be 1:1:1:1 for the four models A, B, C, and D. Figure 6 shows the two cases that we analysed. The original sequence is ABCD, using the definition in segment 2. In case 1, the models pass through 60 stations without resequencing. In case 2, the models are resequenced by an insert buffer after passing through 60 stations, and they then pass through the remaining 60 stations. The same operation times are assigned to each station in both case 1 and case 2. The cycle time, C t , is 10. There were two positions in the insert buffer for the upper and lower insert areas (M = 2) and two positions in the U-turn area (K = 2).
In order to quantify the decrease in the line length with the insert buffer, we performed a simulation study. 100 combinations of operation times were randomly generated for the 120 stations. The target total operation times for models A, B, C, and D were 1,000, 350, 400, and 800, respectively. The operation times were randomly simulated to be within ±120 of the target operation times. Table 6 compares the line length of case 1 to that of case 2. Three sequences including ABCD are considered by resequencing with the insert buffer. We assumed the initial sequence was ABDC. Under the simulation conditions, the sequence ABDC gave the shortest line length in segment 2 when the total operation time was distributed equally among the stations.
The average line length for Case II, after resequencing by the insert buffer, was shorter than the average line length of Case I. In this example, it was shortened by 87, that is, by about 7 .2% (from 1,228 to 1,141) .
The total line length of Case II, including the additional length due to the insert buffer, was 1,201 (= 1,141 + 60). The line length was increased by six with the insert buffer and the cycle time by10, for a total time of 60, since M = 2 and K = 2. Therefore, the net reduction of line length was 27 (87 − 60). If the number of succeeding stations was larger, the reduction in the line length is expected to be larger. 
Conclusions
This paper examined the characteristics of an insert buffer utilising the curved portion of an assembly line. The purpose was to provide guidelines for installing an insert buffer. Based on our results, we found answers to the following four questions regarding an insert buffer:
For (1), we found that if the insert area and the U-turn area are specified for the insert buffer, then the number of positions in the insert area can be chosen. For (2), we determined that the exact analytic solution for the number of output sequences can be obtained for a sequence of distinct models. As the number of models increases, the difference between the insert buffer and the AS/RS becomes extremely large. For (3), we determined with a numerical example that there was a 9.1% reduction in line length. The range of operation times was increased by about 44%. For (4), we presented a design procedure for an insert buffer based on the above results. There still remain many issues that need to be considered. The main limitation of the results of this paper is the assumption that the size of the insert buffer is equal to the number of models and that the number of models does not vary between station segments. A more general analysis is needed. Assembly lines where large effects are expected when installing buffer stocks should be investigated to assist decision makers in determining whether to install them. In addition, the performance of the four buffer types must be compared in more detail to understand when they should be used. From a more general viewpoint, the problem should be treated within the framework of the self-completion line concept. In such line segmentation, definitions of models are differentiated between sub-lines. This environment provides a new research field for designing the buffer stock, for example to achieve proactive resequencing.
The algorithm used to enumerate the sequences generated by the insert buffer Figure A1 summarises the algorithm used to enumerate the sequences generated by the insert buffer. The models are identified by numerals instead of by letters as in the text.
Figure A1
Procedure for generating the sequence of the output from the insert buffer For example, when N = 4 and M = 1, that is, K = 3, then P 1 = 4. The original sequence, ABCD, is resequenced to ABCD (i = 1; j = 1), BCDA (i = 2; j = 1), CDAB (i = 3; j = 1), and DABC (i = 4; j = 1). For M = 2 and K = 2, then P 2 = 2, and we obtain DCAB (i = 2; j = 1) and BADC (i = 1; j = 1, 2). For M = 3 and K = 1, then P 3 = 1, and we obtain DCBA (i = 1; j = 1). For M = 4 and K = 0, then P 4 = 1, and we obtain DCBA (i = 1; j = 1).
Appendix 2
A design procedure for an insert buffer Figure A2 shows a procedure for designing an insert buffer, based on the above results.
Figure A2
Design procedure to determine the length of the production LIN The sequences generated by the insert buffer when M = 1 are circular permutations of the initial sequence, and thus they were not considered in the design procedure.
We assume that the number of models, N is specified in the production plan, and S sequences are required. First, the number of positions in the insert area, M, is set to N − 1. We calculate the number of sequences generated, P M , where M ≤ 2. If the number of sequences generated, P M , is more than the number of sequences required, S, the insert buffer with M positions in the insert area and N − M positions in the U-turn area can be installed. If not, M is decreased by one, and the same procedure is repeated. This continues until the constraint M ≤ 2 is satisfied. If no solution can be found, another buffer is recommended, such as a mix bank buffer or an AS/RS system. We consider a numerical example for N = 6 and S = 2. First, the insert buffer with M = 5 and K = 1 is considered, and it is found that S≤P M does not hold. Thus, we consider an insert buffer with M = 4 and K = 2. This is repeated until the constraint M ≤ 2 is satisfied. In the case of M = 3, the number of sequences generated is P M = 2 ≥ S. Thus, an insert buffer with three positions in the insert area and three positions in the U-turn area is installed. Table A1 provides an example of the line length calculation when the operation times are [2] and the model sequence is ABDC as given in Table 5 . In Table 5 , e(i), D(i), and W(i) are calculated according to equation (A2), equation (A3), and equation (A4), respectively. Line lengths of the preceding and the succeeding stations can be obtained from equation (A5). The sum of the two stations is 27 (= 14 + 13). 
Appendix 3
Calculation of line length of a station
